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The intent of this paper is to demonstrate that very sharp bounds on the 
behavior of the largest characteristic value A, , of the integral equation 
I A K(x - r>f(r> dr= xf(4 -A (*) 
can be extracted quickly by elementary means for a class of nonnegative, 
even integral kernels when A is sufficiently large. The problem itself has 
essentially been solved by virtue of the fact that [I] has given the behavior 
of all the extreme characteristic values of such kernels under a mild restriction 
on the behavior of their Fourier transforms. The present method gives the 
result much more easily than in [l] by using inequalities similar to those in 
[2] and [3] which are shown in Lemma 1, by using the same technique 
appearing in [3] and [4], and by using functions from [4] in which it was 
found what to insert into the inequalities. 
In what follows all integral kernels used in Eq. (*) will be assumed non- 
trivial and the Fourier transform of the kernel K when it exists will be defined 
bY 
I?(z) = 1:: K(x) ecrzz dx. 
The result is as follows. 
THEOREM. Let K(t) E L,(- CO, co) be even, nonnegative, and monotone 
decreasing for t large. If K(t) is not of compact support, further suppose 
K K(x + Y) dY = o(x) 
K(x) 
, x+ al. 
* These results are taken from the author’s Thesis, University of Pennsylvania, 1972. 
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Then there exists a number p depending on A with p = o(A) as A + co such 
that 
R +$ <x,s+-q as ( ) 2 (A +P> A+cG. 
LEMMA 1. Let I be a subset of real numbers of positive measure. Suppose 
G E L,(R) is even and suppose there exists f E L,(I), a nonnegative, nontrivial 
solution of Af (x) = s, G(x - y) f (y) dy. Then for an-y g E L,(Z) which zs 
positive almost everywhere in I, 
Proof. Let f(x) > 0 for x E J a set of positive measure. Suppose that 
[SI G(x - u> g(y) 4lkW -=I h a.e. in 1, then J1 G(x - y) g(y) dy < hg(x) 
a.e. in I, implying f(x) s, G(x - y)g(y) dy < Xg(x) f (x) a.e. m J with no 
worse than equality on the rest of I. Substituting 
xf 64 &> = &) 1 G@ - r) f (A dr 
above and integrating yields 
j-/(x) 1 G(x - r> f b9 drdx > 1 f (4 s, (3” - y) g(y) dydx; 
I I 
but the eveness of G shows this last statement o be a contradiction since the 
integral exuts. A similar argument holds for the other mequality. and the 
lemma follows. 
It is well known for the integral equation (*) that when K is nonnegative the 
characteristic function associated with the largest characteristic value of K, 
h LI v can be taken as nonnegative. Therefore, replacing G by such a K in 
Lemma 1 allows the h in Lemma 1 to be replaced by )IM . Now the problem is 
to find functions g to insert into the inequalities of Lemma 1 to produce sharp 
upper and lower bounds. 
For p a positive real number let 
C,(y) = cos $&-) 
( _ 
and S,(y) = sin : -$&-) . 
( _ 
LEMMA 2. Let G(t) E L,( - co, co), nonnegative, and monotone for t < -B, 
B a positive number. Further suppose that if there is no C < -B for which 
G(t) + 0 for all t < C, then jr G(y - x) dx/G(y) = o(y) as y + - 00. 
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A a A 
for all x E [-A, A], andp = o(A) as A -+ 00. 
Proof. First it will be shown that the rightmost inequality holds. Let p 
be a number satisfying p > B. By allowing s = A - x and t = y - A, the 
rightmost inequality in the statement of this lemma, 
O,< I co G(x - Y) C,(Y) dr for all x E [-A, A], (1) A 






m G(- t - s) S,(p - t) dt 
0 
for s B [0,2A]. Breaking up the rightmost integral of (1’) yields a statement 
equivalent to (1): 
OQ f ’ G( - t - s) S,(p - t) dt + 1’ G( - t - s) S,(p - t) dt 
0 B 
(2) 
+ fin G(- t - s) S,(p - t) dt. 
1) 
If G(t) = 0 for t < -B, then (2) is satisfied since G is nonnegative. So 
suppose G(t) # 0 for t < -B, then to satisfy (2) one must also show 
s 
’ G(- t - s) S,(p - t) dt > - fin G(- t - s) S,(p - t) dt. 
B P 
It certainly suffices for p > 2B that 
I 
PI2 
G(- t - s) S,(p - t) dt > s 
m G(- t - s) dt, 
B P 
or even weaker yet, that 
S,(P/2) S,P” G(- t - s) dt > Jzz G(- t - s) dt. 
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This is equivalent to 
253 
p/(A +p) > py$,,J jm G(- t - s) dt//“’ G(- t - s) dt. 
* 912 B 
Hence it suffices that for 2B < p < A, 
p/(A + p) > 2 j-, G(- t - s) dt/j-;” G(- t - s) dt, 
for all s E [0,2A]. Since G is monotone in the region of consideration above, it 
suffices that 
P 2 J ;,2 G( - t - s) dt 
A+P ’ G(- s - p/2) (p/2 - B) 
or 
IO/~ - WV + P> 2 2 Js;,,, (-3-4 WG(- s - IQ). 
Weaker still, when 4B < p < A, it suffices that 
P”/(A + P) 3 c(-(s + p/2)) 
for all s E [0,2A] where e is defined by 
(3) 
G(-LX) = 8 Irn G(-t) dt/G(-a). 
a 
Now if c(-a) remains bounded as a! + 00, then (3) can be satisfied for 
p = A314, say, and A sufficiently large. If, on the other hand, (?(--a) does not 
remain bounded but grows, yet as hypothesized grows as o(a), CY -+ co, it 
suffices that 
p2/(A + P) 2 o:y~;A CC- s - p/2)9 
or even weaker that 
PW + P) b B~f3A (3-s) = h(A). 
Now suppose h(A) = o(A) and let p = (2Ah(A))l/“; then p = o(A) and 
p2/(A + p) > 44) for A sufficiently large. The sublemma below shows 
h(A) = o(A) which completes the first half of the proof. 
SUBLEMMA. If f(X) -+ CO US X -+ CO but f(X) = O(X) US X - CO thO2 
h(x) = SUpa<v<z f (y) is al!so (x) as x -+ 00. 
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Proof. Suppose not. That is, suppose there exists a strictly increasing 
sequence x1, xs ,..., such that there exists a 6 > 0 for which h(x,) > 6x, . 
From the definition of h there exists yz , b < yI < x, such that 
f (yJ + 6 > h(x,) and y, -+ CO as x, -+ co. Therefore, 
f (YE) > 4%) ;>g+ ez - 1) > L 
YE Yi YE 2’ 
for i sufficiently large. Therefore, there exists a sequence {yz} yz -+ cc for 
which f (yz)/yz > 6 for i sufficiently large contradicting f (x) = o(x). 
To complete the proof of the Lemma 2, it is necessary to show the left 
inequality in the statement of the lemma holds. This inequality, 
02 I m G(x - Y) CO(Y) dr for all x E [--A, A], A 
by using the same transformations which took (1) to (1’), can be transformed 
to 




for all s E [0, 24. Hence, for B < 2A it is equivalent to show that for all 
s E [0,2A] 
j-” G(- t - s) S,(t) dt + j-‘” G(- t - s) S,(t) dt + j-m G(- t - s) S,(t) dt 
0 B 2A 
> 0. 
As before if G(t) = 0 for t < --B, then this is clearly true; if not, then it is 
also necessary to show that 
j”‘” G(- t - s) So(t) > j-m G(- t - s) So(t) dt. 
R 2A 
It is sufficient that when A > B that 
j-l” G(- t - s) S,(t) dt > Irn G(- t - s) dt, 
3A/2 
and since G(--t - s) So(t) is decreasing as t goes from A to 3A/2, it suffices 
that 
; G (- y - s) So(3A/2) > Jq;3A,2 G(-t) dt. 
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Since this is weaker than 
A > C(---s - 38/2)/4 sin(3?r/4), 
which is clearly true by the hypothesis on G, the proof of Lemma 2 is com- 
plete. 
With Lemma 1 and Lemma 2 now established the Theorem can be proven 
quickly. Let K satisfy the hypotheses of the theorem. Since K is even 
I-” K(x - y) C,(y) dy = j; K(N + y) C,(y) dy. 
--ct 
The validity of any statement about the sign of this quantity for all 
x 6 [--a, -41 is also true of 
\a q-x + y) C,(y) dy = j= K(x - y) C,(y) 41 
‘4 A 
for x in the same set. Hence, when K satisfies the hypotheses of Lemma 2, 
and 
CA K(x - y) C,(y) dy < jm K(x - y) C,(y) dy, 
‘--A -x 
j-t K@ - Y) G(Y) dr 2 ja KC-y - Y) C,,(Y) d~v --XI 
for -4 sufficiently large and p = o(A) specified in Lemma 2. But 
r ?ci K(x-y)cos($+)dy= j-;K(z)cos(Ty)dz ‘--n 
= cos (~ ~) j-~ K(z) cos (~ ~) dz 
= cos f $- K(n-/2D) 
( I- 
by the evenness of K. Therefore, for all x E [---A, S] 
j-~ K(x - Y) C,(Y) dylC,(x) ~ R (~ ~~) ) 
j_: K(x - Y) C,(Y) dylC,(x) ~ R (~ ~) , 
for A sufficiently large and p = o(A). By Lemma 1 the theorem follows. 
256 JOSEPH J. BOLMARCICH 
ACKNOWLEDGMENT 
I wash to express my thanks to my thesis advrsor Professor H. S. Wilf for suggesting 
the problem. 
REFERENCES 
1. H. WIWM, Extreme ergenvalues of translation kernels, Tranr. Amer. M&h. Sac. 
100 (1961), 252-262. 
2. L. COLLATZ, Schrrttweise Naherungen bei Integralgleichungen und Eigenwert- 
schranken, Math. Z. 46 (1940), 692-708. 
3. R. BELLMAN AND R. LATTER, On the integral equation Af(x) = Sl K(x - y)!(y) dy, 
PYOC. Amer. Math. Sot. 3 (1952), 884-891. 
4. N. G. DE BRUIJN AND H. S. WILF, On Hilbert’s mequahty m n dimensrons, Bull. 
Amer. Math. Sot. 68 (1962), 70-73. 
